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Mathematics : Paper - 603
CC-MATH-603-A : General Topology

Instruction : All questions are compulsory, there are five

questions.

1 (a) Define topological space.
i ¢

T={AuR1A=R or A=¢ or A—(a,oo),aeR}; then

prove that (R,T) is a topological space.

(b) Define the closure of a subset of a topological space.
Prove that : A is closed iff 4= 4; where A is a

subset of a topological space.
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1 (a)
(b)
(c)
2 (a)

Prove that :
A subset O of topological space is open
iff
O is a neighbourhood of each of its points.

OR

Define neighbourhood of a point in a topological

space.
If T={X,¢, {a},{a, b}, {a.c.d} {a,b,c,d} {a,b, e}}
be a topology on X ={a,b,c,d,e}; then find out

all neighbourhoods of e
Let A and F are subsets of a topological space X

s.t. Fis closed and 4 < /. Then prove that 4 c F'.
Prove that : In a topological space;
A is the smallest closed set containing A;

Where A is a subset of a topological space.

Define interior of a subset of a topological space.

If A be a subset of a topological space; then prove

that Int.(4)= | ] O,; where {Ua}ae] is the family
oel

of all open sets contained in A.
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(b)

(©

(a)

(b)

Define continuity of a function f:(X,T)—(Y,T")
at a point peX.

Let T ={X, 0,{a},{b}.{a,b},{b,c, d}} be a topology
on X ={a,b,cd}.

Define f:X - X by f(a)=b, f(b)=d, f(c)=b,
fld)=¢c

(1) Is f 1s continuous at ¢ ?
(1) Is f is continuous at d ?

Prove that :
fi(X.T)—(¥Y,T") is continuous
iff

for each subset A of X,f(;l.)c:f(A).

OR
Define homeomorphic topological space.
Prove that : R and (-1,1) are homeomorphic

topological spaces.

Prove that :
A function f:(X,7)—(Y,T") is continuous
iff
for each open subset O of Y; _f“(()) 1S an open

subset of X
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(c)

3 (a)

(®)

(©

3 (a)

(b)
(©

Prove that :

A necessary and sufficient condition that two
topological spaces (X,7) and (¥,7) be
homeomorphic is that there is a function f: X — ¥
such that

(1) f is injective

(i) f is surjective

() Oer iff f(O)eT"

Define subspace of a topological space.

Let Y be a subspace of a topological space X and

let peY.

Then prove that :

a subset N' of Y is a relative neighbourhood of p
iff

N'=NnY; where N is a neighbourhood of p in X.

Define topological property :

Show that :

(1) Length is not a topological property.

(i) Boundness is not a topological property.

State and prove : Intermediate - Value theorem.

OR

Define connected subset of a topological space.
Let A be a connected subset of a topological

space X and let A4cBcA. Then prove that :
B is also connected.

Prove that : Connectedness is a topological property.
Prove that :

In a topological space X ; let bGCmp (a)

then Cmp (b) - Cmp (a) .
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4 Attempt any two :

(a) Let A be a subset of a topological space and a
point yx ¢ 7. Then show that x ¢ f°, for some closed
set F' containing A.

(b) Let A be a subset of a topological.
Prove that :
A is closed iff Bdry (4)c 4.

(¢) Prove that :

In a topological space, component is a closed set.

5  Attempt any two :
(a) Suppose that X #¢;(¥,7"') be a topological space

and f: XY be a function and
= {f_] (G)|GeT '} . Show that ; T'is a topology on
‘K

(b) Let a function f:X —Y be given.

Prove that fi(X,?Y)%(Y,T') is always

continuous; asis f:(X,7)— (¥,{0,¥}); where 7 is
any topology on Y and 7T is any topology on X.

(c) Let A and B be subsets of a topological space X.
If A is connected, B is open and closed, and

ANB#¢. Prove that 4cB.
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Mathematics : Paper - 603
CC-MATH-603-B : Number Theory

Instructions : (1) All questions are compulsory.
(2) Figures to the right indicate marks of
the question.

1 (@) The linear Diophantine equation ax+by=c 8
has a solution if and only if d/c where
d =gcd(a, b). Prove if xy,y, is a solution of
this equation, then all other solutions are
) b’ ‘ If a
given by ¥=X+ 5 f }’:}’U—i\; !, where
t is any integer.
OR

(a) Prove Binomial theorem by induction 8

(a+b)"= e T e F o P 12 b
0 1 2 n

(b) Attempt any two of the following : 12

(1) Show that the square of any integer is
either of the form 3k or 3k+1.

(2) Solve the Diophantine equation
56x+72y=40.

(3) Ifa and b are integers not both of them
are zero and d=gcd(a,b) then
d=ax+by.
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2 (a) Define linear congruence relation. If a,b,¢ 8
are integers, ¢>0 and ac=bc(modn) then
a=b(modn/d), where d =gcd(c,n).

OR
(@) Let >0 be fixed and a,b, ¢ be any integers 8
@ if a=b(modn)=> b=a(modn)

(i) if a=b(modn),b=c(modn)=>a=c(modn)

(b) Attempt any two of the following : 12

(1) Prove that 1°+2°+3°+. . +100° is
divisible by 4.

(2) Solve the linear congruence equation

9x = 21(mod 30)

3) If p, is the n' prime number, then

=1 . . s
P, < 22" by mathematical induction.

3 (a) State and prove Euler's theorem. 8
OR
(a) If p is a prime and p/a, then 8

aPl E](mod p).
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(b)

Attempt any two of the following :

(1) If p and q are distinct primes such that
a? sa(mod q) and g9 Ea(mod p) then
aP? =a(mod pq).

(2) Find the last two digit of 329¢ by means
of Euler's theorem.

(3) If p>2 then ¢(n) is even.

4  Answer the following questions :

(1) If a/c and bfc, with ged(a,b)=1, then ab/c.

@

@)

@

®)

If a=b(modn) and c¢=d(modn) then
a+c=b+d(mod n)

Find the remainder when 14+214-31+ +100!
is divisible by 12.

Verify o(m-n)=¢(m)-6(n) holds when m =36,
n=10.

If n and n+2 are pair of twin primes then

o(n+2)=0(n)+2.

12

10
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