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Define a ring. Show that the Z[i]={a+bi/a,bc Z} 6

is a commutative ring with unity under usual
addition and multiplication. Moreover find unit

elementsin Z[i]

Give an example of a ring without unity, whose
subring has a unity element.

Show that (Z, +, -) is a principal ideal ring.
OR

Prove that the characteristic of a ring R with
unity is nifand only if n is the smallest positive
integer with n- 1=0.

If a commulative ring R with unity has no
proper ideal then prove that R is a field.
If1, and I, are two ideals of a ring R then prove
that I, +1, is also anideal of R.
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2  (A) Define a degree of a polynomial. For non-zero 6

polynomials fand g e D[x], in usual notation,
prove that :

[fe]=[f]+[g]
(B) State and prove Gauss's Lemma. 6
(C) If the degree of a polynomial f(x)eF[x]isn, 6

then prove that f(x) has at most n distinct
roots in F.,

OR

2 (A) State and prove Eisenstein criteria. 6

Deduce that 3/p, n > 2 is always an irrational

number for a prime P.

(B) Find the g.c.d. of f(x)=6x> +5x%-2x+25 and 6
gix)= 2x2 -3x+5e IR[x] and express it in
the form a(x) f(x)+b(x) g(x).

(C) Suppose f(x)e F(x) and acF_ Then prove 6

that the remainder on dividing f(x) by x-a will
be f(a).

3 (A) Let R be a ring of rational numbers with 6
odd denominators. then prove that

(i) IfI be a subset of R with even numerators
then I is an ideal of R

@ B is a field.
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(B) Prove that an ideal I in a commutative ring R 6

with unity is a prime ideal if and only if I%

is an integral domain.

(C) Define kernel of a homomorphism ¢. If ¢ is 6
a homomorphism of a ring R into a ring R'
with kernel K b then show that K¢ is an ideal
of R.
OR
3 (A) Suppose R is a ring with unity. 6

If $:(R; +; .} — (R;@;0) is a homomorphism,
&(1)=0'. If R! is an integral domain then
prove that &(1) is the unity element of Rl

(B) If an ideal I in a commutative ring R with 6
unity is a maximal ideal then prove that the

quotient ring I% is a field.

b
(C) Show that the subset I= [[a d] /a, b,c,d € 22} 6
c
is an ideal in ring (My(Z);+;-).
Moreover show that the quotient ring Mz(Z%
has exact 16 elements.
4  Attempt any TWO. 8

(1) If the characteristic of an integral domain D
is P then prove that

(a+b)” =af +bF, fora, b € D
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(2) Is division algorithm true in Z[x] ? Justify
your answer.

(3) Prove that a homomorphism defined on a field
is either a zero homomorphism or one-one.

5  Attempt any TWO : 8
(1) Define an integral domain.

Is (My(Z);+-) an integral domain ?
Justify your answer.

(2)  Obtain a polynomial equation in Z;[x] whose
solution set is {3,2}.

(3) For an ideal I of a ring R, prove that the
quotient ring RI i1s commulative if and only

if ab-ba €1, fora,beR.

HG-203] 4 [ 90 ]




