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1 (a) Let * be a binary operation on a finite set G. If * is associative and both

cancellation laws holds in G then show that G is a group under *. (6)

(b) Prove that in a finite group G, O(a) / O(G}), for each acG. (6)
(c) Define a subgroup.For a commutative group G, show that H = {aeG / O(a)
is finite} is a subgroup of G. (6)

OR

I (a) For a given neN, show that the set G = {[a]eZ, / (a,n) = 1} becomes a
group under multiplication mod n with O(G) = ¢(n) , where ¢ is a Euler
function. 6)

(b) In a group G, aeG and O(a) = n. If for some positive integer q, (g, n) = 1
then prove that O(a*) = O(a). (6)

(c) State only Euler’s and Fermat’s theorem. Using this, show that if p is an
odd prime then (1) 177427+ . +Hp-1""=(-1) (mod p)

(2) 1°42°+ ... ... +(p-1)" = 0 (mod p). (6)

2 (a) Prove that any two disjoint cycles in S, are commutative. (6)

(b) Define normal subgroup. If K is a subgroup of G and H is a normal

subgroup of G then show that K~H is a normal subgroup of K. (6)

(a b
(c)LetG=C-{0} and G’ = {l _1 1 l fabeR.a +h' = D}bc two groups under
/

GAF-453] 1 [Contd...



multiplication. Define f:G—G’ by flz) = (_“b :} ; for z=a+ib e C-{0}
then show that f is an isomorphism. (6)
OR
2 (a) Forn > 2, the set A, of even permutations in S, is a subgroup of order
nl/2. (6)
(b) If a cyclic subgroup H of a group G is normal in G, then show that any
subgroup of H is also normal in G. (6)
(¢) Define: Transformation and Disjoint cycles. Express the permutation
f=(1234)(124)(312)(56)inS; as a composition of disjoint cycles.
Find O(f). (6)

3 (a) Suppose G = (a) is a finite cyclic group with O(G) = n. Show that for each

meN, if m divides n then ¢ a™ ) is a unique subgroup of G of orderm.  (6)

(b) Prove that any two finite cyclic groups of the same order are

isomorphic, (6)
(c) For a cyclic group G = (a) of order 16, obtain (1) order of subgroups
generated by a'?, 2%, a’. (2) all generators of group G. (6)
OR
3 (a) State and prove the Fundamental theorem of Homomorphism. (6)
(b) Show that an infinite cyclic group has exactly two generators. (6)

(¢) Give an example of a finite abelian group of order 4 which is not cyclic. (6)

4 Attempt any Two : (3

(a) In a commutative group G, a,beG with O(a) = m and O(b) = n. If (m,n)=1
then prove that O(ab) = mn.

GAF-453] 2 [Contd...



(b) If H is a subgroup of group G with index 2 then prove that H is a normal
subgroup of G.
(c) Show that every homomorphism image of an abelian group is abelian.

5 Attempt any Two : &)

(a) In a group G, a,beG,if a’ = e with a#e and aba™'=b’ then find O(b).

’

b) Obtai ; a MrIes e flTI45E
(b) Obtain the permutation fgf ', for s {31456 27 8% 2 1 3 65)

h—1]23456

A5-4.8 9 GJES""

(¢) If ¢ : GG’ is onto isomorphism with O(a) = n, a G then prove that

O(¢ (a)) = n. Where G and G’ are any two groups.
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