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Third Year B. Sc. Examination
March/APril - 2013

" Mathematics : PaPer - VI
(Abstract Algebra)

Time : 3 Hours] [Total Marks : 105
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{ttLt'i. g r,tL {ut{e ttgudl q1x1 'ti tidut 0 ? a.rut
irqrori rqel{ qtql.
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ENGLISH VERSION

Instructions : (1) Attempt all questions.
(2) Figures to the right indicate marks of

the corresPonding question.

1 (a) Define : 7

(1) Group
(2) Order of an element 'o' in a group G.

Prove that rf aeG, is of order n then

om )" for somb intiger ^fr%
O) If H is a subgtoup of G then for each 1

aeG, Prove that [a]=]/a' where

la]1=\beGtb=(modl/))
(b) Suppose o(a)=n fot an element o in a group 7

G then prove that :

(1) o(ae)<o@), pev,

(2) If for a positive integer a, (q,n)=l then

o(at)=o14.

OR

f ia) If (n,a) = l for a natural number n and integer 7

o, then prove that ,0(r) =11.o6r;, where $ is

the Euler's phi function defined on 5.
O) State the Lagrange's theorem. Deduce that iJ 7

H and K are finite subgroups of a given group G

with (o(F1),o(Q)=1 then nnK=\'l
(c) Let H be a subgtoup of a group G. Prove 7

that for two elements a'beG either Ha=Ht ot

H"''Hb=6'
K:C-2041 6 tContd"'



(a) Prove that... 7
(1) A subgroup of index 2 in a group G is a

normal subgroup.
(2) The alternating subgroup ,4,, of symmetric

group ,S, is a normal subgroup of J, , for each

n>2.
For 7

2345678910tl 12 13 14)
7 B 14 g t2 E tt 6 g 4 I la z)erta
(1) Check whether / erSla is an even permutation

or an odd.
/ r\(2) find o(/-';

Prove that any two disjoint cycles in ,S, 7
are commutative.

OR
If H is a subgroup of G and N is a normal ?
subgroup of G then prove that ll r-riy' is a normal
subgroup of H.
Define a normal subgroup of a group G. 7
If N is a normal subgroup of G, then prove that
No.N6 = Not,Yo,6 .6 .

Prove that the order of a permutation / e ,S, 7
is the least common multiple of the lengths of its
disjoint cycles.

For a 6xed element g of a given group G, 7

lf ir:G -+G, where ir(x)= Erg-I ,xeG then prove

that (in usual notatTion).

(1) irea(G)

(2) I(q =lis: ge C) G a normal subgroup of a(G).

G)
(L

'-lro

(c)

(a)

o)

(c)

(a)
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(b) Show that every subgroup of a cyclic group 7

is cyclic.

G) Let G--(al be,a finite cyclic group of order 7

n. For l<s<n, prove that the element a'eG is

a generator of G iff (z,s)=1.
OR

3 (a) In usual notation, iJ G is a group with 1

a(G)=lt6\ then prove that
(1) G is a commutative grouP.

(2) a2 = e,Ya eG .

t^' .\(bl lf $:(G,o)--+(G,*J i" " homomorphi,sm with 1

Kernel K then Prove that /x=ip).
(c) Prove that a 6nite cyclic gtoup and its 7

generator both have the same order.

4 (a) Prove that every field is an integral domain. 7

Is converse true ? Justify your answer' lJnder
what restriction, an integxal domain is a
field ? Prove it.

ft) Prove that the characteristics of ring R with 1

unity is ri iff tr is.the, smdllest positive integer
urith r?.1= 0 .

(c) An ideal I in a commutative ring R with 7

unity is a maximal ideal then ptove that'fi
is a field.

OR
4 (a) If a commutative ring R w.ith unity has no 7

proper ideal then R is a field.

@) Define a ring. 7

Give an example of a ring which is neither
commutative nor has a unity element.
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(a)

(a)

o)

(c) Let { and 12 be idea.ls of a ring R. Prove 7

that { u12 is an ideal of R iff either l1cl2 or

12 c 11.

Define the degree of a non-zero polynomial f ?
defined on an integral domain D. Show that
0 < deg(/) < degNf .g) fot r;,on-zero poll'nomials f and
g on an integral domain D.

OR
State and prove the principle of division 7
algorithm for polynomials over a field F.
Attempt any two. L4
(1) For polynomials f =(2,0,-1,4,0,0 )

and g = (1,-2,0,3,0,0,....)

Find f +g,f .g and 92.
(2) Prove that if the digree of a polynomial

f(x)eFfxl is n, then /(x) has atmost n
distinct zeroes in F.

Moreover, find all zeroes of fe)=x2-Sx+6
in Zp(x); why so ?

(3) Obtain the polynomial equation in Z5[x] whose

solution set is {2,3} . Moreover, is the obtained
polynomial rducible in 0[r] ? Justifi, your
arswer.
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