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M. Sc" (Sem. II) Examination
March/April-2019

Mafhematics : paper-M't'Hp-IY.

Time : 3 Hours]

(General ftpologt)

[Total Marks : 90

Instructions : (i) All questions are compulsory and
carry equal marks.

(ii) Standard natations and conventron rre
followed.

I {a) Let X be an infinite set and r -{11 a1 y1y_1t rs
finite or X) Show that t is a topologr on X.

(b) Define a basrs p for a ropology on X.
Show thar'1= (U cX /for each
xe{/ l8ep >xeBcIJ } is a topology
generated by basis p.

(c) If {to} be a family bitopologies on X. Show &at
there is a unique largest topology on X contained in
all to.
If ,f ={a.},c} and

r1 = {q, x, {a}, la.h}} ; rz= {0,_r,ta},{6,c}} then
{ind
(i) largest topology contained in tt
(ii) smallest topology containing t2.

O,R1 (a) I)efine a subbasis for a topology on X.
Ilow would you generated the topology from a' subtrasis ? Justr$. yorr ans&er
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(b) Let ]t be the set of all real rumbe{s and let

7 ={l lnln is a. n;*ural number}

Let B= lU :U ={a,t} o1 L1 *(a,b)-*}. cenerare a

topology l?s ftbm basis B. Showthat .R1- is srrictly
finer than the standard topolggy on R.

(c) f {t"} be a family of topologres on X. Show that
there is a uaique srnallest topology on X containing
ali the collection .to .

i1 X={a,dr} and

t1 = {9. x,{a}, {a.r,}}. t2 = {0,x,{"},{r,c}} trren

frnd

(t largest topology contained in t1

(i) smallest topology containing 12.

2 (") L*t f : X -+Y Lre a mapprng of one topological space
rnto another. Show thai f is continuous if and only

if .ft tf-) is closed in X uhenever F is closed in
X.

(b) Define Int(A); interior of a ser, Bd(A); boundary of
a set A, cl( D); closwe of a set A.
Show that
(i) In(A)nBd(A't=o

. (ii) lnt(A)uBd(Ai=A
(iii) For ant set A and D, Ancl(D) v cl(AnD) if

A is an open set.
(c) Give .an exarnple of a metric such that the mefic
' ' topology induced by it is same as tlte usual topology

on R. Comparo that metric with the order topology
on R-
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(a) Show that the order topology on Z* rs the l)rscr€te
topology

(b) ls the tturcrion /: [o.r); {(r.rl u 1t2;"2 + t: = l}

detined by l{s) = (cos2ru', siu2ru') a

homeomorphism ? Justifu your answer,
(c) Let X be a topological spacc and ,4. y. lf there

' f ., trs a sequence {Xn } of points of A such that .rn -+ _r

in X thsn show that , 6 ] . When does the converse
true ? Justrfu.

(a) Shou, r}at finite product of a connected space ts
connecled.

(b) Show that every path-connected space is connectecl.
Is the converse true ? Justif,, your answer.

(c) Show that each path component ofa topological space
X lies in a comparlent of X. If X is locally par_tr

connected ther prcive that both are the same.
OR

(a) Show that a space X is connected if and only if no
proper subser ofX is bolh closed and open. Deduce
that 111 is disconnected.

(b) Show that connectedness is a iopologicai propedy.
(c) ifX has a discrete topology then show that X is totally

disconnected ls lhe converse true ? Justil-v your
answer

(a) State and prove that Lebesgue nurnber lemma Using
this prove Uniform ContinrLily t}eorem

(b) Show t}at every compact space is a limit point
compact. Is the converse frue ? Justify your answer.

(c) ls [0,1j as a subspace of Rl compact ? ls il a lirnrt
point compact ? Justi! youi ansrver.
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.l (a) State the tube lernrna for a product spaee Xxy Show
that the iemnra rloes not liold if y ts not conlpact.(b) Show that a.colnpacr subspace of a ua,.r.dorft.Jfice
rs closed subspace.

(") Show that a continuous one-one map I'rorr a compacr
space onto a l.lausdorff space is a homeomorohism.

5 Attcmpt anv six .

(a) ts rhe set {t.yz,til,.... i-{oi.
tll limrt poinr compacx
(u) sequentiallycompact
(iri) compact and
{iv) locally compact ir: R ?
Justify your answer

tb) T'he sef {111,222,333,."... ..,999} is compa0r. trs the
statement true ? Justify your ans.,r,er Also state at least
two properhes which tlre. set does not possess.

frl(c) 1S A = ln 
+ - | m,ll e,Vf s R, find,4- - rvirh alt details.

{d} Show that the components ofe are srngletons. Show
your detailed workins.

(e) Is the-flnite c,omplemint topology a compact space ?
ls a flausdorft' spacc ? Justi$. 1.our both t}re answer
with all derails

(l) Show that the luchdean puncture<l space fifr_{0}
rs connected.

1g) Give an example of space other rhan discrete whose
components are singleton sets, with all details.(h) Every didcrete space is totally conneeted. prove or

. grve an example to disprove.
{i) Give an e*a*ple. ofa locally connccted space which

rs not connected. Justi$.

U) If a space A cf the Euclidean metric space Rr is
closed and bounded then show that it is compact.
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