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M. Sc. (Sem. II) Examination
March/April - 2019

Mathematics : Paper - MTHP-2
(Algebra - I)

Time : 3 Hours] [Total Mark : 90

Instructions t /(l) AII questions are compulsory and carry equal ryiarks.
(2) Follow the usual notations and conventions. 

7'

I (a) Ifa goup G is isomorphic to an extemal direct product of
certain groups Gr, show thrlt G is the intemal direct product

of groups q isomorphic to the Gr.

(b) lf O(G) = p", where p is prime number then prove that

z(Q+ {e}.
(c) Let p and q be primes with p < 4. Ifp does not divide

g-1, then show that any liroup of order pq is cyclic.
OR

I (a) Show that any nvo isomorphic abelian groups of order pfl,
where p is a prime, have the same invariants.

(b) If 11 and K are subgroups of a finite group G and

o@) > JoG), o(n > JoG) then prove that

HnK+{e}.
(c) Show that any grcup of c,rder ll2l32 must be an abelian

group.
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2 (a)

o)

State and prove the first part of Sylow's Theorem,

Prove that ,So* has a p-Sylow subgroup.

(c) Show that a group of order 56 is not simple.

OR

(a) lf G is a finite group,rf order O(G) andp is a prime number

such that O(G) -- pdn, where rz is a positive integer not

divisible by p, show that G has p-Sylow subgroups of G.

(b) Prove that the number ofpsylow subgroups ofa linite group

is of the form I + ,fur, where p is a prime number.

(c) Prove that two abelian groups oforder/ are isomorphic

iffthey have the same invariants.

(a) An ideal I = loo) is a maximal ideal of the Euclidean ring

R if an only if an is a prime element of R.

O) Let R be a Euclidean ring and a, D e -R. Then prove that

the greatest coflrmon divisor of elements a and D exists

in R. Moreover d =?,,a+pb, for some 1,, p e R.

(c) Prove that the ring of Gaussian integers is a Euclidean ring.

OR
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(a) Show that every integral domain can be imbedded in a field.

(b) Let R be a Euclidean ring and let I be an ideal ofR. Prove

that there exists an element a6 e I such that I consists of

exactly all aox, as x ranges over R.l.

(c) Prove that in a Euclidean ring R, aeR is unit ofR ifand

only if d(a) = d(r).

4 (a) IfR is a unique factorization domain, then prove that R[xl

is also a UFD.

(b) IfR is a unique factorization domain and a, b € R, not both

of them zero, show that a and b have a greatest common

divisor d(a, D) in R.

(c) Let R be a Euclidean ring. Then prove that every non-zero
element is either a unit in R or can be written as a product

of a frnite number of prime elements of R.

OR

4 (a) State and prove the Eisenstein Criterion for ineducibility of
po\nomial.

(b) Define primitive polynomial. Prove that the product of two
primitive polynomials over the field of rationals is a primitive
pob4rimial.

(c) If R is an integral domain and _F is its field of fractions,

prove that every polynomial /(x) e F["x] can be written as

-e(r)
J (xl = =:'---. where a e R and g(-x) e R[xj.
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5 Attempt any six :

(a) Prove that every abelian group is solvable.

(b) Prove that group of order 28 has a normal subgroup of
order 7.

(c) Find the g.c.d. of 5+2i and 2-5i in the ring of Gaussion

integers Z[i] .

(d) Show that group of order 36 is not simple.

(e) Is the polynomial 2l-15x2 +lllx4 +2x5 ineducible over

the field of rational number ?

(0 Find all units of the ring Zlil and write all the associates

of an element a + ib e Zlil.

G) If R is a unique factorization domain and /(.r), c(n) are

in R[.:r]' them c(/.8)=c(f)c(S).Wher€ c(/) is the

content of /(r) .

O) lf R is a Unique factorization Domain, then prove $at every

non-zero member /(x) of R[-r] can be written as

f (x) = d.rt@) 
' 
where d = c(f) wtd l(.r) is a primitive

polynomial in R[.r].

O lfp is a prime integer then prove that

(p - l)!= (-l) (mod p).
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